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Abstract:Nuclear quantum dynamics beyond the Born-Oppenheimer approximation is performed using quantum
trajectories.Withintheadiabaticrepresentationof theelectronicstates,NABDY(NonAdiabaticBohmianDYnamics)
is used in combination with DFT and LR-TDDFT to perform on-the-fly nonadiabatic quantum dynamics. Simple
numerical test systems and current limitations of the method are discussed.
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1. Introduction

The Born-Oppenheimer approxima-
tion (BOA) constitutes a cornerstone in
the implementation of quantum mechanics
for chemical systems. By neglecting the
couplings between electronic states due to
the motion of the nuclei, this method has
paved the way to development of ground
state electronic structure methods for mol-
ecules. In addition, the BOA allows for ef-
ficient mixed quantum/classical schemes
to perform ab initio molecular dynamics[1]
(AIMD), where electrons are treated quan-
tum mechanically and provide the poten-
tial for the classical dynamics of the nuclei.
Considerable computational savings are
indeed obtained when only one electronic
state is considered and the BOA has there-
fore made possible the simulation of large
molecules for several picoseconds.

However, as soon as more than one
electronic state becomes important for a
particular chemical process (e.g. for a pho-
tochemical reaction), the BOA is likely to
fail due to the coupling between different
electronic states.[2] In fact, when a nuclear

wavepacket representing the molecular
system of interest is evolving on an elec-
tronic state and approaching a conical
intersection or an avoided crossing, there
is a growing probability that part of its
amplitude is transferred to a second state
(see Fig. 1a,b for a pictorial representation
of such an event). This event is the result
of the coupling between electronic states,
induced by the nuclear motions and de-
scribed by the nonadiabatic couplings of
first and second order[2] (see Section 2 be-
low for mathematical expressions).

Nuclear dynamics on excited states can
be accurately described by using nuclear
wavepacket propagation methodologies,
like for example multiconfiguration time-
dependent Hartree (MCTDH).[3] Even
though this method offers a very accurate
description of the nuclear propagation, it
is hampered by the limited number of de-
grees of freedom that it can handle and

by the need of precomputed potential en-
ergy surfaces (PESs). On the other hand,
nonadiabatic events are usually difficult
to describe by means of standard trajecto-
ry-based methods and therefore only ap-
proximate solutions of this dynamics are
currently used. Among them, in Ehrenfest
dynamics the total electronic wavefunction
of the system is propagated in time, pro-
ducing a mean-field potential for the mo-
tion of the classical nuclei. Even though
the resulting nuclear trajectory has no clear
physical meaning, it can be associated to
the center of mass motion of the moving
nuclear wavepacket.

Another trajectory-based solution of
the excited state dynamics is the so-called
‘trajectory surface hopping’ (TSH) ap-
proach. In its most successful implemen-
tation,[4] TSH portrays the nuclear wave-
packet as a swarm of independent classical
trajectories, which can hop from one PES
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Fig. 1. Schematic
representation of an
exact nuclear wave-
packet propagation
(upper part) and TSH
(lower part) before
(a and c) and after
(b and d) a nonadia-
batic event. Red dots
represent different
initial conditions and
red arrows the cor-
responding different
trajectories.
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(7)HJI(R) = Φ∗
J(r;R)ĤelΦI(r;R)dr .

The quantities d
JI

γ and D
JI

γ are the first
and second order nonadiabatic couplings,
respectively,

(8)dγ
JI(R) = Φ∗

J(r;R)∇γΦI(r;R)dr

(9)Dγ
JI(R) = Φ∗

J(r;R)∇2
γΦI(r;R)dr .

Within the Hamilton-Jacobi formula-
tion of mechanics, the relation between
momentum and phase of the nuclear wave-
packet,

(10)∇βSJ(R, t) = P J
β ,

gives rise to a Newton-like equation for the
nuclear motion[9]

Mβ
d2Rβ

(dtJ)2
=

(11)

−∇β EJ
el(R) +QJ(R, t) +DJ(R, t) ,

where the definition of the time derivative
in a Lagrangian frame

d/dtJ =
(12)∂/∂t+

γ

∇γSJ(R, t)/Mγ · ∇γ

is used.
In addition to the ‘classical’ potential

E
el
J(R), the nuclei will feel a quantum po-

tential Q
J
(R, t), which describes adiabatic

quantum nuclear effects, and a nonadiabat-
ic quantum potential D

J
(R, t) responsible

for the couplings between electronic states.
At this stage, it is important to point out

that no approximation has been made to
derive the set of working equations (Eqns.
(8), (9) and (12)).

to another whenever strong nonadiaba-
ticity is experienced by the molecular sys-
tem. The occurrence of a trajectory jump
is dictated by the evaluation of a hopping
probability, which is determined by the
state amplitudes propagated along the tra-
jectory.[4]

Despite its success, trajectory sur-
face hopping cannot be formally derived
from first-principles. It is not clear at first
glance what are the consequences related
to the use of independent (instead of cor-
related) trajectories and which role such
approximation could play in the dynamics
of systems when more than few degrees
of freedom are considered. In addition, it
is important to point out that, even though
some quantum nuclear effects like the
branching of the nuclear wavepackets are
successfully described by TSH, others like
(de)coherence and tunneling are inacces-
sible due to the use of classical trajectories.

One possible way to account for an
accurate quantum propagation of the nu-
clei within a nonadiabatic molecular dy-
namics scheme is to employ quantum (or
Bohmian) trajectories.[5]Those trajectories
emerge from a transformation of the time-
dependent Schrödinger equation based on
a polar representation of the complex nu-
clear wavefunction (see Section 2 below).
Recognizing that the equation of motion
for the phase of the nuclear wavepacket can
be interpreted as an extended Hamilton-
Jacobi equation, a Newton-like expression
can be derived for the propagation of in-
finitesimally small volume elements of the
configuration space (fluid elements), giv-
ing raise to a swarm of correlated quantum
trajectories. In the synthetic formulation,[6]
the quantum trajectory method has been
exploited to address challenging quantum
dynamics problems in low dimensional
model systems (see ref. [7] for an extended
presentation of quantum trajectory meth-
ods). More generally, the Bohmian for-
mulation of quantum mechanics offers an
alternative solution to the interpretation of
phenomena like wavepacket collisions and
interferences.[8] It is important to mention
that in addition to the method developed in
ref. [9] and presented in this work, other
alternative trajectory-based solutions of
the nonadiabatic quantum dynamics are
presented in the literature that are however
based on the diabatic representation of the
electronic states.[10]

The method that we have devel-
oped (NABDY, NonAdiabatic Bohmian
DYnamics) combines the use of quantum
trajectories with nonadiabatic dynamics
and therefore fully preserves the quantum
nature of the nuclear dynamics. Its deriva-
tion is rigorous and the implementation
only rests on controllable numerical ap-
proximations. In addition, this technique
employs the adiabatic representation of the

electronic states, which makes it suitable
for an “on-the-fly” implementation, where
potential energy surfaces, nuclear forces,
and nonadiabatic couplings are evaluated
at each time step using the desired elec-
tronic structure approach.

2. Theory

Starting from the time-dependent
Schrödinger equation for a molecular sys-
tem,

(1)ĤΨ(r,R, t) = i
∂

∂t
Ψ(r,R, t),

we can use the Born-Huang Ansatz,[11]

) (2)Ψ(r,R, t) =
∞

I

ΦI(r;R)ΩI(R, t) (

to describe the total molecular wavefunc-
tion Ψ(r, R, t). Here, r is a collective vari-
able for all electronic positions and R
those for the nuclei. ΦΙ(r; R) is the I

th so-
lution of the time-independent electronic
Schrödinger equation, and ΩΙ(R, t) can be
interpreted as the corresponding nuclear
wavefunction. After inserting Eqn. (2) into
Eqn. (1) and using the polar representation
for a complex wavefunction

(3)ΩJ(R, t) = AJ(R, t) exp
i
SJ(R, t) ,

we obtain the following equations of
motion for the nuclear phase S

J
(R, t)

and amplitude A
J
(R, t) (both real field),

and

where

(6)φ(R, t) =
1
[SI(R, t)− SJ(R, t)] ,

−∂SJ(R, t)

∂t
=

γ

1

2Mγ

∇γSJ(R, t)
2
+ Eel

J (R)−
γ

2

2Mγ

∇2
γAJ(R, t)

AJ(R, t)

+
γI

2

2Mγ

Dγ
JI(R)

AI(R, t)

AJ(R, t)
� eiφ(R,t) −

γ,I �=J

2

Mγ

dγ
JI(R)

∇γAI(R, t)

AJ(R, t)
� eiφ(R,t)

+
γ,I �=J

Mγ

dγ
JI(R)

AI(R, t)

AJ(R, t)
∇γSI(R, t)� eiφ(R,t) (4)

∂AJ(R, t)

∂t
=−

γ

1

Mγ

∇γAJ(R, t)∇γSJ(R, t)−
γ

1

2Mγ

AJ(R, t)∇2
γSJ(R, t)

+
γI

2Mγ

Dγ
JI(R)AI(R, t)� eiφ(R,t) −

γ,I �=J
Mγ

dγ
JI(R)∇γAI(R, t)� eiφ(R,t)

−
γ,I �=J

1

Mγ

dγ
JI(R)AI(R, t)∇γSI(R, t)� eiφ(R,t) , (5)
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ly the collision of an H atomwith a H
2
mol-

ecule. In this case, PESs and nonadiabatic
couplings are computed on-the-fly using
DFT and LR-TDDFT in LDA approxima-
tion for the exchange-correlation function-
al, as implemented in the plane-wave code
CPMD.[13] The calculation of the NACVs
within the LR-TDDFT[14] framework was
the subject of a recent investigation, where
we showed how the use of auxiliary many-
electron wavefunctions based on occupied
and virtual Kohn-Sham orbitals can sim-
plify the evaluation of NACVs between
ground state and excited state[15] and be-
tween a pair of excited states.[16] Here we
present a particular case (see Fig. 4), in
which the H atom is directed almost per-
pendicular to the H

2
bond axis with two

different initial momenta, k = 75 and k =
150 a.u. The H

2
bond is considered fixed,

simplifying the nuclear propagation. In
this case, we observed a population trans-
fer to the first excited state of respectively
27.9% and 31.4% for each momentum.

4. Numerical Challenges

There are several numerical issues that
hamper the efficient implementation of
NABDY in ab initio MD codes. As it can
be seen in Eqn. (4), many of the terms in the
right hand side are inversely proportional
to the nuclear amplitude on a given state.
This clearly induces numerical instabilities
when nodes are formed on the wavepacket.
Different schemes have been proposed to
cure this problem[7] in the adiabatic propa-
gation. The addition of nonadiabatic terms
makes the instabilities even larger as can
be observed in Fig. 3 in the case of small
momentum (k = 16 a.u.).

In addition, it is also important to point
out that the spatial derivatives in Eqns. (4),
(5), and (11) need formally to be evalu-
ated in a 3M dimensional space, where M
is the number of nuclei of the molecular
system of interest. Even though different
ways have been proposed to compute these

Numerically, we start from an initial
nuclear wavepacket at time t=0, which is
represented by an ensemble of fluid ele-
ments (small volume elements of the con-
figuration space, see Fig. 2). In fact, the
fluid elements can be seen as correlated
‘grid points’, each carrying an amplitude,
a phase, and a velocity. The integration of
the NABDY equation of motions consists
in the simultaneous solution of the differ-
ential equations for the phases (Eqn. (4)),
the amplitudes (Eqn. (5)), and the Newton-
like equations for the fluid elements (Eqn.
(11)). During the adiabatic propagation
of the quantum trajectories, nonadiabatic
couplings are monitored and, when their
strength exceeds a given threshold, the
dynamics on the coupled states is started
(Fig. 2). In this way, not only trajectories
on one state are correlated, but also among
different electronic states. For numerical
details, see ref. [9].

3. Numerical Applications

In this section, we briefly summarize
some of our first results obtained with
the current numerical implementation of
NABDY.[9]

In the first example, a simple one-di-
mensional system based on Tully model
I[4] was employed to assess the accuracy of

the numerical scheme. As shown in Fig. 3,
the population of the second state obtained
using NABDY is in full agreement (always
within 0.1%) with an exact propagation
applying the time-dependent Schrödinger
equation.[12] Interestingly, despite its ap-
proximations, also TSH performs relative-
ly well in this last test case. In particular,
the independent trajectory approximation
that lies at the core of TSH seams not to
play an important role, probably due to the
weak coupling between the wavepacket on
the two potential energy curves.

Finally, we applied NABDY to the
study of a simplemolecular process, name-

t Ground State Excited State

Fig. 2. Schematic
representation of
the NABDY scheme.
Left (right): evolu-
tion of the nuclear
wavepacket in state 1
(state 2). The vertical
axis represents time
and the light back-
ground indicates a
region of strong non-
adiabatic coupling
between the two
states.

Fig. 3. 1D nonadia-
batic system based
on Tully model 1.
Comparison between
NABDY, the exact
propagation and TSH
is presented for dif-
ferent initial momenta
of the nuclear wave-
packet. Inset: lower
and upper black lines
represent the ground
and first excited state
energies, whereas the
strength of the non-
adiabatic coupling is
plotted in gray.

Fig. 4. Collision of
a H atom with a H2

molecule. PESs (blue:
ground state, orange:
first excited state) and
nonadiabatic cou-
plings (black dotted
line) are computed
via DFT/LR-TDDFT.
The inset shows the
LUMO orbital of the
system close to the
avoided crossing.
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derivatives on a regular grid, they can still
constitute a potential bottleneck for the
implementation of this type of dynamics in
thefull,unconstrained,configurationspace.

5. Conclusions

We have presented a new algorithm to
perform nonadiabatic quantum dynamics
using Bohmian trajectories. The method,
called NABDY, can be performed on-the-
fly when combined with an efficient elec-
tronic structure method for the evaluation
of the energies, forces, and nonadiabatic
couplings. Even though in low dimen-
sions nodes of the wavepacket can bring
important numerical instabilities, we have
presented systems for which NABDY can
reproduce with great accuracy results ob-
tained using exact quantum dynamics.
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