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Quantum Chemistry ‘Without Orbitals’ -
An Old Idea and Recent Developments

Tomasz A. Wesolowski*

Abstract: The role of one-electron functions known as orbitals in various theoretical methods used to describe mol-
ecules and complex materials at a quantum mechanical level is outlined in a historical perspective. A hierarchy con-
sisting of three types of general formalism, ordered according to the importance of orbital-dependent expressions
in the total energy, is presented. Two such formalisms, less known to the general chemistry community, are dis-
cussed in detail together with their recent applications in modelling complex systems: a) the orbital-free formula-
tion of density functional theory, which does not use orbitals at all and which can be seen as the modern realiza-
tion of the original ideas of Thomas and Fermi, and b) the density partitioning based formalism, in which the or-
bitals are used only for smaller parts of a larger system (subsystems). The emphasis is placed on the second type
of formalism, a topic of strong interest of our Geneva group.
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Introduction

Currently, computer modelling at a
quantum mechanical level is used in almost
all branches of chemistry. Experience
shows that quantum chemistry and the con-
cept of orbitals are inseparably linked
[1][2]. As far as computer simulations are
concerned, the terms quantum chemistry
level and molecular orbital level are some-
times used as synonyms. This stems from
two principal reasons: i) conceptual insight
which the orbitals bring to various phe-
nomena, i) the fact that, with only a few ex-
ceptions, quantum mechanics based com-
putational methods use explicitly molecular
orbitals. The scope of this review is to out-
line recent progress towards development
of such formalisms, which do not use or-
bitals to describe effects of quantum me-
chanical origin. The development of such
formalisms is not only of academic interest.
Modern chemistry deals frequently with
large objects [3]. Molecules counting thou-
sands of electrons can now be synthesized.
The number of electrons in a typical object
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of interest in biochemistry (large proteins
or their aggregates) or nanotechnology
reaches or even exceeds one million. Accu-
rate computer modelling at a quantum me-
chanical level would enrich the set of re-
search tools available for studying such
systems. For very big systems, however,
constructing and handling the wavefunc-
tion and/or orbitals implies formidable dif-
ficulties as far as practical computer mod-
elling is concerned. The wavefunction is a
rather complicated object. Managing it, as-
suring the orthogonality of the orbitals for
instance, requires computational effort
which scales more rapidly than the size of
the system it describes. For systems com-
prising several thousands of atoms, these
difficulties can be overcome to some extent
owing to a rapid progress in the computer
resources as well as in the development of
faster computer implementations of con-
ventional methods [4]. For large systems, a
qualitatively new type of description of
large systems, which would retain the ca-
pacity to describe effects of quantum me-
chanical origin, being less expensive than
traditional methods, is strongly desired.
One of the possible routes towards this end
was initiated already in the early days of
quantum mechanics. In the twenties,
Thomas [5] and Fermi [6] developed the
formalism, well rooted in quantum me-
chanics, from which the orbitals were com-
pletely eliminated. Orbital-free formalisms
applicable to chemical systems would rev-
olutionize computer modelling in chem-

istry. Unfortunately, the Thomas-Fermi the-
ory, although applicable to model physical
systems, was shown to be useless in de-
scribing molecular systems. In 1962, Teller
proved that this theory predicts that mole-
cules are always unstable [7]. Despite this
discouraging result many theoreticians
picked up the Thomas-Fermi ideas. These
works led to practical computational meth-
ods, in which the orbitals are partially or
even completely eliminated from the for-
malism. The Kohn-Sham formalism [8],
widely used in modelling, can be seen as
one of such approaches. The present review
deals with other approaches where the role
of orbitals is reduced even further. It is or-
ganized in the following way. Firstly, we
outline the role of the concept of orbitals in
well-established theoretical formalisms
currently in use. In the following part, we
review the modern applications of the ideas
by Thomas and Fermi leading to for-
malisms where the use of orbitals is com-
pletely eliminated, and present applications
in computational studies relevant to materi-
als science. In the subsequent parts we re-
view approaches in which orbitals are elim-
inated partially. In these types of approach-
es, some terms of quantum mechanical
origin in the total energy expression are ap-
proximated by means of orbital-free ex-
pressions. The long-standing interest of the
author of this review lies in the develop-
ment and applications of a formalism be-
longing to this group. The formulation of
density functional theory, which uses or-
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Fig. The role of orbitals in three types of formalisms in density functional theory. The terms depending on
orbitals are marked in blue. Blue and black colors are used for the terms of known exact analytic form.
The terms, which are evaluated using approximate orbital-free expressions, are marked in red.

bitals localized in a pre-defined subsystem,
and which has been developed and applied
in our Geneva group, will be covered. The
formulas for the total energy functionals
discussed in this review are given in the
Fig., which shall be used as a graphical
guideline throughout the text.

Orbitals in Chemistry

Quantum mechanics brought to chem-
istry the concept of orbitals (atomic or mo-
lecular), which proved to be of inestimable
value. The publication of the seminal work
by Heitler and London in 1927 [9], which es-
tablished the link between the key object in
quantum chemistry, i.e. the wavefunction ap-
proximated by means of molecular orbitals
and the fundamental object of interest in

chemistry, i.e. the chemical bond, marks the
beginning of the series of successful applica-
tions of the idea of orbitals in practically all
branches of modern chemistry. In the mathe-
matical framework of quantum mechanics,
the concept of molecular orbital arises from
an arbitrary but reasonable approximation to
the wavefunction of a system comprising 2N
electrons (for clarity, all formulas are given
for spin-compensated systems throughout
the text):

1
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where the one-electron functions ¢, are called
molecular orbitals. W (7, 7, ..., r_’N) givenin
Eqn. (1) satisfies automatically the Pauli ex-
clusion principle thus reflecting one of the
key effects of a purely quantum mechanical
origin. Except for one-electron systems,
W, 7 s ?N) is only an approximation to
the exact wavefunction due to its single-de-
terminant form. In a general case, the exact
wavefunction can be constructed as a sum of
several functions of the W (r_’] P eens F’N)
form [10]. Nevertheless, even for systems
comprising many electrons, the single-deter-
minant approximation to the wavefunction
proves to be extremely useful. It provides: the
basis for the Aufbau principle, the qualitative
description of the formation of covalent, ion-
ic, and coordination bonds, chemical reactiv-
ity of functional groups, electron spec-
troscopy, magnetic properties, efc. Its con-
ceptual usefulness is matched by various
quantitative computational methods includ-
ing that of Hartree and Fock and the semi-
empirical ones. We should mention, howev-
er, that the single-determinant approximation
to the wavefunction (Eqn. (1)) proves inade-
quate to describe some effects even qualita-
tively (van der Waals interactions, dissocia-
tion of chemical bonds, etc.).

Density functional theory in its Kohn-
Sham formulation [8] provides another gen-
eral theoretical framework in which orbitals
are applied. It is important to underline the
conceptual difference between two different
uses of orbitals: i) in conventional wavefunc-
tion based approaches they are used to ap-
proximate the wavefunction as it is done in
Eqn. (1) and ii) in the Kohn-Sham formalism
where, formally speaking, they do not have
any physical (chemical) meaning and are
merely auxiliary quantities used to represent
the ground-state electron density (p):

@

The search for a physical interpretation of
Kohn-Sham orbitals remains an appealing
objective and much progress has been made
in this direction marked by Janak’s [11] the-
orem, which gave the physical meaning of
the eigenvalue of the highest occupied Kohn-
Sham orbital as the negative of the ionization
potential and the series of works from the
Amsterdam group leading to the generaliza-
tion of Koopman’s theorem [12].

The indispensability of orbitals seems,
therefore, overwhelmingly justified by ex-
perience accumulated over the years in
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computational chemistry. In almost all tra-
ditional quantum chemistry methods the to-
tal energy is explicitly expressed by means
of orbitals. Nevertheless, attempts were
made to eliminate orbitals from the expres-
sions for the total energy. In a series of
works started in 1951, Slater showed that
the exchange energy could be reasonably
approximated without using orbitals for
molecular systems [13]. This brings us to
the key issue of this review addressed in the
next section.

Are Orbitals Indispensable in De-
scribing Molecules and Materials?

Hohenberg and Kohn formulated the un-
derlying theorems of density functional theo-
ry, which provide a negative answer to the
above question [14]. This stands in obvious
contradiction to generally held beliefs (e.g.
[2]). According to the Hohenberg and Kohn
theorems, the electron density for a given
chemical system uniquely determines the
ground-state energy. The total energy can
thus be seen as a functional of the electron
density E[p]. In advanced calculus, a func-
tional is a correspondence, which assigns a
defined number (E in our case) to each func-
tion belonging to some class (p in our case)
[15]. Moreover, the minimum of E[p] is just
the ground-state energy. Many exact mathe-
matical properties of this functional are
known except for its analytic form. The direct
application of the Hohenberg-Kohn theo-
rems must rely on approximate expressions
for E[p]. The headline question of this sec-
tion might be, therefore, reformulated: “Are
the orbital-free approximations to the total
energy functional defined in the Hohen-
berg-Kohn theorems of any practical use in
chemistry?”

Despite the original failure of the
Thomas-Fermi approximation to the total en-
ergy functional, the search for its better ap-
proximation has been an object of continuous
interest for theoreticians. Various theoretical
routes have been explored in such studies
leading to a number of much better approxi-
mations than the ones used originally by
Thomas and Fermi. As a result, orbital-free
computer modelling studies at a quantum
mechanical level became reality. For in-
stance, orbital-free methods have been ap-
plied in the studies concerning: structure and
phase transitions in alkali metal clusters of
the size up to one hundred atoms [16], dy-
namic properties of liquid Li and Al and lig-
uid binary systems such as LiNa, LiMg,
LiBa, NaCs, and KC [17], diffusion of de-
fects in metals [18], surfaces [19], metal-in-
sulator transition in quantum dots [20], struc-
ture and dynamics of solid-liquid interface in
aluminum [21], pure Al or Mg, and Al-Mg al-
loys in crystalline phases [22]. Recently,
Madden and coworkers showed that orbital-

free strategy leads to the electronic structure
of liquid metals almost indistinguishable
from that derived from conventional orbital-
based calculations [23]. These examples con-
cern complex materials. Unfortunately, not
much can be found in the literature concern-
ing applications of orbital-free methods to
molecules. A notable exception is the recent
work of Chan and Handy dealing with mo-
lecular systems [24], but the results are not
very encouraging. Although the use of their
orbital-free approximations to the total ener-
gy functional led to stable molecules, the
equilibrium geometries were qualitatively
wrong. In their present state, therefore, the or-
bital-free methods are no match to conven-
tional orbital-based methods of quantum
chemistry as far as the properties of small
molecular systems are concerned. For a more
comprehensive review of orbital-free meth-
ods and their applications, see [25]. For more
recent developments, see the final report of
the relevant workshop Computer modelling
of atoms, molecules, and materials using ap-
proximate functionals of the kinetic energy
we organized at CECAM in Lyon in summer
2002 [26].

Orbitals in Kohn-Sham Formalism

In this section, we turn back to the Kohn-
Sham formulation of density functional theo-
ry [8], which we see as a successful step to-
wards the elimination of orbitals. In this for-
malism, several terms in the total energy of
quantum mechanical origin are replaced by
explicit functionals of the electron density.
Nevertheless, the orbitals are its integral part
(Fig.). At the minimum of total energy, the ki-
netic energy of the reference system of non-
interacting electrons called conventionally
T [p], which is one of the components of the
total energy, is expressed using explicitly the
corresponding  Kohn-Sham ~ orbitals ¢S

(Fig.):

N
Tlp]=2) | ¢i’<s*<7)(—%v2)¢i"s (7F)dr
3)
where ¢%S indicates that the above equation
holds for the orbitals derived from Kohn-
Sham equations.

All other components of the total energy
functional E[p] defined in the Hohenberg-
Kohn theorems, i.e. the energy of the elec-
tron-electron repulsion, the energy of the
electron-nuclear attraction, as well as the ex-
change-correlation energy are explicit func-
tionals of electron density. Among these or-
bital-free terms, only the analytic form of the
exchange-correlation functional is not
known (Fig.). Experience shows that the or-
bital-free approximations to E, [p] prove ex-
tremely useful in chemistry. The simplest
one, called Local Density Approximation
(LDA), in which the exchange-correlation
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functional is expressed by means of the elec-
tron density, leads to a very good structure
(especially lengths of covalent bonds and
bond angles), good vibrational properties,
and electric moments, e.g. [27]. In the group
of more sophisticated approximations called
collectively Generalized Gradient Approxi-
mation (GGA), the exchange-correlation
functional depends not only on the electron
density but also on its gradient. GGA is usu-
ally a better approximation for practical pur-
poses than LDA especially as far as the ther-
mochemistry is concerned [28][29]. The gen-
eral applicability of LDA and especially
GGA in modelling chemical systems allows
us to conclude that these approximations ap-
plied within the Kohn-Sham formalism rep-
resent successful milestones on the road to-
wards elimination of orbitals. In these meth-
ods the orbitals are used only in one
component of the total energy (Fig.). Unfor-
tunately, no further milestones are currently
in view on this road. The emergence of hy-
brid approximations such as the widely used
B3LYP functional [30] shows that the re-in-
troduction of orbitals in order to evaluate ex-
change-correlation energy is probably the di-
rection to follow. The review article by Gill
which appeared under a provocative title
‘Obituary: Density Functional Theory
(1927-1993)" provides a good illustration for
such developments [31].

Replacing the Kohn-Sham Orbitals
for the Whole System by Localized
Orbitals in the Total-energy Bi-func-
tional Based Approach

In 1972, Gordon and Kim proposed a
model [32] in which the total energy of a
complex formed by a pair of noble gas atoms
was expressed as in the Thomas-Fermi theo-
ry. In their model the interaction energy is
evaluated according to the formula:

E;, = Elp°y+p g EIP"-Elp%] (&)
where the functional E[p] is expressed as in
orbital-free methods (Fig.), and the p° ', and
p'g are the electron densities of the isolated
atoms (p°,+p"y is thus a superposition of the
electron densities of the two isolated atoms).

Astonishingly, even simple approxima-
tions to all relevant functionals applied in
Eqn. (4) led to good interaction energies for
some systems. For Ne-Ne, Ar-Ar, and Kr-Kr
dimers, they agree with experimental values
within less than 15%. The potential energy
curves show, however, a tendency towards
too short equilibrium distances, whereas their
asymptotic behavior at large distances is
qualitatively wrong (exponential instead of
proportional to —1/R®). Evaluation of the in-
teraction energy using Eqn. (4) requires,
however, a prior knowledge of p°, and p%;
because the Gordon-Kim model is not based
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on a variational principle. It is worthwhile to
notice that the right-hand side of Eqn. (4) de-
fines a bi-functional, i.e. a functional de-
pending on two electron densities (p° , and
pOB). For a system comprising more than two
components, one can define a multi-func-
tional which depends on electron densities of
several subsystems. In 1991, Cortona formu-
lated a general formalism in which the total-
energy multifunctional was used in variation-
al calculations following the second Hohen-
berg-Kohn theorem [33]. As aresult, both the
total energy and the electron densities of all
subsystems can be obtained from the Euler-
Lagrange type of minimization.

In the case of two interacting subsystems
(intermolecular complexes for instance), par-
titioning the total electron density (p) into
two components p, and pg, each comprising
an integer number of electrons such that p =
P A+Pp- allows one to express the total kinet-

T [pa+Pg] = T lp 4T [pgl+ T,"[p,.p5]

ic energy (T [p,+pg]) in a hybrid way [34]:

At the energy minimum, the terms T_[p , ]
and T [pg] can be calculated using Kohn-
Sham-like orbitals and Eqn. (3). The term
T.,"d[p , ,pp] can be evaluated as an orbital-
free bi-functional for any pair of densities.

As a consequence, also the total energy
can be represented as a functional of two-
electron densities (E[p,.pg]) or as a func-
tional of two sets of orbitals in practical cal-
culations (Fig.). It is worthwhile to notice that
the third component on the right-hand-side of
Eqn. (9), i.e. Ts“ad[p APpl 18 expected to be
small. (In the case of non-overlapping p , and
pp it disappears [35].) Approximating it and
applying it in practical modelling can be ex-
pected, therefore, to face less formidable dif-
ficulties than the ones encountered by the or-
bital-free formalisms, where the entire Kinet-
ic energy must be evaluated using an
approximate functional.

Variational use of the bi-functional
E[p 4.0l can be seen, therefore, as the inter-
mediate strategy to develop practical compu-
tational methods which lie between the
Kohn-Sham one and orbital-free ones (Fig.).
In this formalism, the need to use orbitals to
construct the electron density of the whole
system, which lies at the origin of the diffi-
culties in applying Kohn-Sham formalism to
very large systems, is partially eliminated
owing to partitioning the total kinetic energy
(T,[pD)

Cortona applied the multifunctional
E[p},p5,--.0n] to study solids. Despite rough
simplifications made in the computer imple-
mentation such as assuming that each p;, rep-
resenting the electron density of an atom in a
crystal is spherically symmetric, and using
rather simple approximations for the relevant
functionals, the structure and elastic proper-
ties of the crystals studied were in a very
good agreement with experimental data. The

computer implementation of this formalism
for studies of solids was recently improved
and applied to derive various properties of
solids such as NaCl, MgO, and AIP [36].
The first application of the bi-functional
E[p4.pg] in variational calculations for mol-
ecules was made in the context of orbital-free
embedding by Wesolowski and Warshel in
1993 [34]. In 1995, we developed a univer-
sal computer implementation of this formal-
ism allowing us to use the bi-functional in
E[p,.pgl in variational calculations for mo-
lecular systems [35]. This allowed us to con-
duct systematic studies aimed at develop-
ment of good approximations to the relevant
bi-functionals T,™[p,.pp] and E[p,.pg].
We followed three strategies: a) numerical
comparisons with the exact reference data
for Tsnad[p APl [38-40], b) mathematical
considerations involving exact properties of
T."[p,.pp] [37], and c) analysis of the

®)

overall accuracy of interaction energies de-
rived using a given approximation to
E[p,.pg] [41]. From these studies, it can be
concluded that the gradient-dependent ap-
proximation to T,"[p, pg] proposed in
1996 [39][40], which uses the approximate
functional of the kinetic energy developed by
Lembarki and Chermette [42], is the best one
for systems where the p , ,p; overlap is small.
Moreover, using it together with the PW91
[43] approximation to the exchange-correla-
tion functional results in a very good approx-
imation to the bi-functional of the total ener-
gy E[p4.pg] for such pairs of electron densi-
ties as the ones occurring in van der Waals
complexes close to the equilibrium geometry
[41]. These methodological and practical de-
velopments allowed us to study various in-
termolecular systems by performing fully
variational calculations (minimizing
E[p .ozl by varying both p, and pg) or con-
strained minimization of E[p,,pp] by vary-
ing only p, with a frozen py. The fully vari-
ational calculations were applied in studies
of such systems as: complexes of small di-
atomics with benzene [46] or carbazole [47],
the benzene dimer [44], and complexes in-
volving H, and various polycyclic aromatic
hydrocarbons [45]. The second type of cal-
culations allows one to derive the electronic
structure of an embedded molecule from
Kohn-Sham-like one-electron equations.
Here, the effect of the interactions between
and the embedded molecule and its sur-
roundings is expressed exactly by means of
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an orbital-free embedding potential [34]:
where:

N, is the number of the nuclei in subsys-
tem B; ZaB is the nuclear charge of nucleus
o in subsystem B; the exchange-correlation
functional (E, [p]) is defined as in the
Kohn-Sham formalism [8].

It is worthwhile to notice that the em-
bedding effective potential of Eqn. (6) does
not depend on orbitals in the subsystems B
but only on its electron density (pg); it is,
therefore, orbital-free. Such a formalism is
suited for cases where the primary interest
lies in an embedded molecule whereas its
environment can be satisfactorily described
using a simpler model. Several authors ap-
plied the orbital-free embedding potential
of Eqn. (5) in various contexts [48—50].

The area of applicability of the practical
formalism based on the total-energy bi-
functional and using the relevant approxi-
mations covers all such chemical systems,
which can be partitioned into two subsys-
tems held together by non-bonding interac-
tions (electrostatic and van der Waals
forces). We have applied it to: a) derive the
hydration energy differences using com-
bined QM/MD simulations and to analyze
fluctuations of the dipole moment of an in-
dividual water molecule in liquid phase
[51], b) determine the solvent effect on the
proton transfer in a hydrated model sys-
tem [52], c) determine the hyperfine
structure of a model radical system in no-
ble gas matrices [53], d) determine the vi-
brational properties of molecules ph-
ysisorbed on metal oxide surfaces [54]
and in zeolites [55], and e) analyze the po-
tential energy curve corresponding to the
proton transfer in an enzyme active center
[56]. Currently, modelling studies apply-
ing the orbital-free embedding formalism
for biological systems are carried out by
Warshel and coworkers [57]. Such appli-
cations have already been reviewed in an
article in this journal [58] and will not be
discussed in more detail here. Recently,
we combined the orbital-free embedding
formalism with the linear-response densi-
ty functional theory to study excited states
of embedded molecules [59].

Concluding Remarks

In this review, we outlined recent devel-
opments in pursuing the long-standing and
challenging objective to develop a univer-
sal computational approach based on quan-

Vemb — Vemb(KSCED)[?,p“pB]:
8z e ] ] o]
IR, -7l J1F-FI o | . | 5, ©
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tum mechanics, which is applicable to
chemical systems but does not use orbitals.
This quest, although it did not achieve its
original objective, brought many pay-offs
in the form of less universal formalisms in
which the orbitals are either completely or
partially eliminated: a) orbital-free methods
which are direct descendants of the ideas of
Thomas and Fermi where no orbitals are
used, b) methods based on partitioning of
the kinetic energy, in which the exchange-
correlation and non-additive kinetic energy
components of the total energy are ex-
pressed as orbital-free functionals, and c)
methods based on the Kohn-Sham equa-
tions (LDA and GGA), in which orbitals are
used only to calculate the kinetic energy
component of the total energy, whereas all
other components are evaluated as orbital-
free functionals.

The last among the three approaches,
i.e. the formalism of Kohn and Sham, in
which the orbitals are used to construct the
total electron density and to evaluate the ki-
netic energy, is the most universal one. Al-
though improvements of the approxima-
tions to the exchange-correlation function-
al are highly desired, it is currently used in
almost all branches of chemistry. The two
other approaches discussed here are less
universally applicable.

Currently, the domain of applicability of
methods in which the orbitals are completely
eliminated is limited to such systems where
the collective behavior of a large number of
electrons and nuclei determines their overall
properties. As far as details of molecular
structure are concerned, such methods are
still far inferior to even the simplest molecu-
lar-orbital-based methods.

Concerning  kinetic-energy-partition-
based methods, we showed their general
usefulness in various types of calculations.
In particular, they allow one to obtain very
accurate details of the electronic structure
in a selected fragment of a complex materi-
al without constructing orbitals represent-
ing the entire investigated system (orbital-
free embedding). At the current stage, their
domain of applicability is limited to such
systems which can be partitioned into sub-
systems not linked by covalent bonds. We
are also continuing working on further im-
provement of the relevant approximate
functionals [60][61].
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